Using a covariant quark coalescence model combined with a blast-wave-like analytical parametrization for (anti-)strange quark phase-space freeze-out configuration, we extract information on strange quark freeze-out dynamics in Pb+Pb collisions at √ sNN =2.76 TeV by fitting the measured transverse momentum spectra and elliptic flows (v2) of φ mesons and Ω baryons. We find that although both the measured and calculated v2 of φ and Ω satisfy the number-of-constituent-quark (NCQ) scaling, the NCQ-scaled v2 is significantly smaller than the v2 of strange quarks, implying that the NCQ-scaled v2 of φ and Ω cannot be simply identified as the v2 of strange quarks at hadronization. Meanwhile, our results indicate that the covariant quark coalescence model can nicely describe the spectra and elliptic flows of φ and Ω simultaneously, suggesting the coalescence mechanism is still valid for φ and Ω production in Pb+Pb collisions at LHC energies.
I. INTRODUCTION
The main goal of relativistic heavy-ion collisions, including those being carried out at Relativistic Heavy-Ion Collider (RHIC) and Large Hadron Collider (LHC), is to explore the Quantum Chromodynamics (QCD) phase diagram, especially the properties of deconfined quarkgluon plasma (QGP) that could be created in these collisions and its transition to hadronic matter [1, 2] . Results of ab initio lattice QCD (LQCD) simulations [3] [4] [5] [6] [7] and effective model approaches [8, 9] have provided important insights on the QCD phase diagram. Experimentally, however, the QGP cannot be probed directly since partons are confined to form hadrons via hadronization during the dynamical evolution of heavy-ion collisions. Therefore, it is particularly important to study the production of some special particles which have small final hadronic interactions and thus could carry important information on the early QGP dynamics in relativistic heavy-ion collisions. The multistrange hadrons, e.g., the φ meson which carries hidden strangeness (ss) and the Ω baryon which consists of three valence strange quarks (sss, i.e., Ω − ) or anti-strange quarks (sss, i.e.,Ω + ), are such particles, because they have small hadronic interaction cross sections and are little affected by re-scattering effects in later hadronic stage of the collisions [10] [11] [12] [13] [14] [15] [16] .
The masses of strange quarks are comparable to the temperature of the QGP and they are thus expected to be abundantly produced from quark and gluon inelastic scattering in the QGP, and the strangeness enhancement is thus proposed as one of the signatures for the QGP formation in relativistic heavy-ion collisions [17, 18] . In the past decades, strangeness production in relativistic heavy-ion collisions has been a topic of great interest and significant progress has been made in understanding the Compared to the yield and invariant transverse momentum spectrum, the elliptic flow (v 2 ), which is the second Fourier coefficient of the azimuthal distribution of the emitted particles [22, 23] , is more sensitive to the early stage dynamics of heavy-ion collisions [24] [25] [26] [27] . Of particular interest is that the observed elliptic flows of identified hadrons in heavy-ion collisions at RHIC and LHC were found to satisfy the number-of-constituentquark (NCQ) scaling; that is, the elliptic flow per quark is the same at the same transverse momentum per quark. As shown in Refs. [28] [29] [30] [31] , such a scaling of hadron elliptic flows according to their constituent quark numbers can be understood via a unique hadronization mechanism, i.e., the quark recombination/coalescence. The quark coalescence mechanism is also supported by the observed anomalously large enhancement of baryon to meson ratio at intermediate transverse momenta [28] [29] [30] [31] [32] as well as the scaling relations observed among higher-order hadron anisotropic flows [33] [34] [35] [36] . These findings provide a strong indication that the quark degrees of freedom are dominant at the time of hadronization and the partonic collectivity has been developed during the partonic evolution prior to hadronization.
The production of φ mesons and Ω baryons in relativistic heavy-ion collisions has been extensively investigated in the past decades [12, 37, [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] , and this has significantly deepened our understanding on the strangeness dynamics and the QGP properties. Although the elliptic flow of parton degrees of freedom cannot be directly measured experimentally, the NCQ-scaled elliptic flow of hadrons is believed to reflect that of the constituent quarks at hadronization. In fact, according to the naive momentum-space quark coalescence model [30, 35, 36] in which only the quarks with equal momentum are allowed to coalesce, the obtained NCQ-scaled v 2 of hadrons should equal to v 2 of the constituent quarks. On the other hand, a more realistic dynamical quark coalescence model [37] which is based on the quark phase-space information from a multiphase transport (AMPT) model [38] has been used to study the production and anisotropic flows of φ and Ω in Au+Au collisions at RHIC energies, and it is found that the NCQ-scaled v 2 of φ and Ω are significantly smaller than that of strange quarks. However, that work is failed to describe the transverse momentum spectra of φ and Ω [37] .
In addition, although the v 2 of φ mesons nicely follows the constituent quark number scaling in Au+Au collisions at RHIC energies, the scaling tends to be violated in Pb+Pb collisions at LHC energies based on the measured v 2 of φ mesons and protons [45] , and this causes the discussion about if the quark coalescence as a relevant particle production mechanism is still valid or not in heavy-ion collisions at LHC energies [51] . Therefore, it is interesting to see if both the spectra and elliptic flows of φ and Ω in Pb+Pb collisions at LHC energies can be simultaneously described within a more realistic quark coalescence model, and thus to explore the possibility of quantitatively extracting the strange quark freeze-out information at hadronization from the measured data of φ and Ω. This is the main motivation of the present work.
In this work, we extend the covariant coalescence model [54] combined with a blast-wave-like [55] analytical parametrization for constituent particle phase-space freeze-out configuration, which has been successfully applied recently to describe the (anti-)light-(hyper)nuclei production in relativistic heavy-ion collisions via (anti-)nucleon (and/or hyperon) coalescence [56] [57] [58] , to describe the transverse momentum spectra and elliptic flows of φ and Ω in Pb+Pb collisions at √ s N N =2.76 TeV via quark coalescence. Our results indicate that the quark coalescence model can nicely describe both the spectra and elliptic flows of φ and Ω simultaneously, suggesting the quark coalescence mechanism is still valid for φ and Ω production in Pb+Pb collisions at LHC energies. We also find that both the measured and calculated v 2 of φ and Ω satisfy the NCQ scaling, but the NCQ-scaled v 2 is significantly smaller than the v 2 of strange quarks by a factor of about 1.4 in centrality 10 − 20% Pb+Pb collisions at √ s N N = 2.76 TeV. Furthermore, the strange quark freeze-out information is obtained.
The paper is organized as follows: In Sec. II, we introduce the covariant coalescence model combined with a blast-wave-like analytical parametrization for (anti-)strange quark phase-space freeze-out configuration. We then apply the model to describe the transverse momentum spectra and elliptic flows of φ and Ω − in centrality 10 − 20% Pb+Pb collisions at √ s N N = 2.76 TeV, and then the obtained results are presented and discussed in Sec. III. Finally, we summarize our conclusions in Sec IV.
II. MODEL AND METHOD
In this work, the covariant coalescence model [54] combined with a blast-wave-like analytical parametrization [55] for (anti-)strange quark phase-space freeze-out configuration is used to describe the production of φ and Ω in relativistic heavy-ion collisions. In particular, for φ and Ω production at mid-rapidity in Pb+Pb collisions at √ s N N = 2.76 TeV considered here, we assume a longitudinal boost-invariant expansion for the (anti-)strange quarks and the Lorentz invariant one-particle momentum distribution is then given by
where S(x, p) is the emission function and it is taken to be a blast-wave-like parametrization as [55] S(x, p)d
In above expressions, we use longitudinal proper time
where g is spin degeneracy factor, p µ is the fourmomentum of the emitted particle, u µ is the four-velocity of a fluid element in the fireball, T is the local temperature and ξ is the fugacity. The p µ u µ is the energy in the local rest frame of the fluid and reads
where ρ is the transverse rapidity distribution (transverse flow profile) of the fluid element in the fireball, φ p is azimuthal direction of the emitted particle, and φ b is azimuthal direction of the transverse flow which is different from the spatial azimuthal angle φ s . We also assume the freeze-out proper time follows a Gaussian distribution [55] 
with a mean value τ 0 and a dispersion ∆τ . More detailed information can be found in Refs. [56] [57] [58] . In order to model the saturation of the resulting v 2 at large p T as observed in experiments, a p T -dependent coefficient c 1 exp(−p T /c 2 ) [59] is introduced in the transverse rapidity flow profile, and the flow profile is parameterized as
where ρ 0 is the isotropic part of the transverse rapidity flow, c 1 is introduced to describe anisotropy of transverse flow, c 2 denotes a suppression of anisotropy at large p T , andr is the "normalized elliptical radius" [55] 
where R x = R 0 (1 + s 2 ) is the minor axis of the ellipse, R y = R 0 (1 − s 2 ) is the major axis, and s 2 denotes the geometric anisotropy. R 0 is the transverse radius of the fireball. The phase-space freeze-out configuration of the constituent particles are thus determined by nine parameters:
The Lorentz invariant one-particle momentum distribution can be decomposed as [22, 23] 
where v n denotes the anisotropic flows:
The famous elliptic flow (v 2 ) corresponds to the second Fourier coefficient of the azimuthal distribution of the emitted particles.
With the above phase-space freeze-out information for constituent particles, we can use the covariant coalescence model to calculate the invariant momentum distribution of clusters. In the coalescence model, the probability for producing a cluster is determined by the overlap of its Wigner phase-space density (Wigner function) with the constituent particle phase-space distribution at freeze-out. If M particles are coalesced into a cluster, the invariant differential transverse momentum distribution of the cluster can be obtained as
where N c is the cluster multiplicity, E (P) is its energy (momentum), δ-function is adopted to ensure momentum conservation, g c is the coalescence factor and ρ
W c
is the Wigner function of the cluster. In this work, the harmonic oscillator wave functions are assumed for the cluster and its Wigner function is
where
is the reduced mass in the center-of-mass frame, and w is the harmonic oscillator frequency which is related to the root-mean-square radius of the cluster as follows [56] 
The integral (10) can be directly calculated through multi-dimensional numerical integration by Monte-Carlo method [56, 60] . The cluster elliptic flow can be calculated from Eq. (9) and Eq. (10). It should be emphasized that since the constituent particles may have different freeze-out time, in the numerical calculation, the constituent particles that freeze out earlier are allowed to propagate freely until the time when the last constituent particle in the cluster freezes out in order to make the coalescence at equal time in the rest frame of the cluster [37, 56, 61] .
III. RESULT AND DISCUSSION
By using the model and method introduced above, we can extract the phase-space freeze-out information, namely, T , ρ 0 , R 0 , τ 0 , ∆τ , ξ, c 1 , c 2 and s 2 , of (anti-)strange quarks in Pb+Pb collisions at √ s N N = 2.76 TeV by fitting the experimental data on φ and Ω production. In the following, the mass of (anti-)strange quark is taken to be 500 MeV, and the root-meansquare radii of φ and Ω are taken to be 0.87 fm and 1.0 fm [62] , respectively. The coalescence factors g c including spin and color degrees of freedom are 3/(3 2 × 2 2 ) and 4/(3 3 × 2 3 ) for φ and Ω, respectively. The details can be found in Ref. [62] . In addition, in the present work, the anti-strange quarks are assumed to have the same freeze-out parameters as strange quarks because theΩ + /Ω − ratio is close to unity in Pb+Pb collisions at √ s N N = 2.76 TeV [43] . By fitting the transverse momentum spectra and elliptic flows of φ and Ω − [43] [44] [45] in centrality 10 − 20% Pb+Pb collisions at √ s N N = 2.76 TeV simultaneously, the parameters of (anti-)strange quark phase-space freeze-out configurations are extracted and summarized as FOPb-s shown in Table I . Here the local temperature is fixed as T = 154 MeV following the QCD transition temperature obtained from the high-precision studies of the chiral and deconfinement aspects of the QCD transition at zero baryon chemical potential [5] , and the ex- tracted transverse flow parameter is ρ 0 = 1.0, transverse radius is R 0 = 14.8 fm, the longitudinal proper time is τ 0 = 13.0 fm/c, the time dispersion is ∆τ = 1.3 fm/c, the fugacity of (anti-)strange quark is 0.785, the geometric anisotropy is s 2 = −0.085 and the anisotropy parameters are c 1 = 0.1 and c 2 = 1.8. These parameters give a quantitative description about the (anti-)strange quark phase-space freeze-out configuration for centrality 10 − 20% Pb+Pb collisions at √ s N N = 2.76 TeV. Shown in Fig. 1 (a) are the experimental data and theoretical calculations for the transverse momentum spectra of φ and Ω − in centrality 10 − 20% Pb+Pb collisions at √ s N N = 2.76 TeV. The corresponding results on the yield ratio of Ω − baryons to φ mesons as a function of transverse momentum are shown in Fig. 1 (b) . The experimental data are taken from ALICE measurement [43, 44] . It is seen that the present coalescence model predictions are in good agreement with the experimental data from ALICE measurements. In particular, the Ω − /φ ratio enhances with the transverse momentum, e.g., its value changes from about 0.02 at p T = 0.5 GeV/c to about 0.1 at p T = 3 GeV/c, with an enhancement factor of about 5. This enhancement can be understood as a result of quark coalescence mechanism [28] [29] [30] [31] [32] as in the case of observed anomalously large anti-proton to pion ratio in central and mid-peripheral (centrality of about 
30%) Au+Au collisions at
√ s N N = 200 GeV [63] . Figure 2 shows the experimental data and theoretical calculations on the transverse momentum dependence of the elliptic flows of φ and Ω − in centrality 10 − 20% Pb+Pb collisions at √ s N N =2.76 TeV. The experimental data are taken from the ALICE measurement [45] . One sees that the present quark coalescence model can nicely describe the experimental data. From Fig. 1 and Fig. 2 , it is seen that both the transverse momentum spectra and elliptic flows of φ and Ω − can be described very well in the present covariant quark coalescence model with the same parameter set FOPb-s, which provides important information on the phase-space freeze-out configuration of mid-rapidity (anti-)strange quarks in centrality 10 − 20% Pb+Pb collisions at √ s N N =2.76 TeV. Our results demonstrate that the quark coalescence mechanism is still valid for φ and Ω production in Pb+Pb collisions at LHC energies. The observed violation of the NCQ scaling for the v 2 of φ mesons and protons in Pb+Pb collisions at LHC energies [45] probably is due to the different final hadronic interactions for φ mesons and protons in heavy-ion collisions at LHC energies. Figure 3 shows the measured and calculated NCQscaled elliptic flow v 2 /n q as a function of scaled transverse momentum p T /n q for mid-rapidity φ and Ω in centrality 10 − 20% Pb+Pb collisions at √ s N N =2.76 TeV. Also included in Fig. 3 are the corresponding results for (anti-)strange quarks at freeze-out as well as their scaled values (divided by a factor of 1.4). It is seen that the measured and calculated elliptic flows of φ and Ω approximately satisfy the famous NCQ scaling relation. However, the NCQ-scaled elliptic flows of φ and Ω are significantly smaller than that of the coalescing (anti-)strange quarks. More quantitatively, we find that the elliptic flow of (anti-)strange quarks is about 1.4 times the NCQ- scaled elliptic flows of φ and Ω. This is different from the prediction of the naive momentum-space quark coalescence model [30, 35, 36] in which only the quarks with equal momentum are allowed to coalesce and the obtained NCQ-scaled v 2 of φ and Ω should equal to v 2 of (anti-)strange quarks.
Unlike the naive momentum-space quark coalescence model, in the present covariant quark coalescence model, the effects of finite sizes of hadrons and nonzero relative momenta of partons inside the hadrons have been encoded in the hadron Wigner function in full phase-space and thus quarks with unequal momenta can be coalesced into hadrons (φ and Ω), and this may smear the azimuthal distribution of the formed hadrons and thus leads to a suppression of hadron elliptic flows. The magnitude of the suppression is directly related to the internal structure and size of the hadrons. Although this phenomenon has actually been observed in previous work [37] within a dynamical quark coalescence model using the parton freeze-out information based on the AMPT transport model calculations, the transverse momentum spectra of φ and Ω were failed to be reproduced there. Our results indicate that the NCQ-scaled elliptic flows of φ and Ω significantly underestimate the elliptic flow of (anti-)strange quarks and they cannot be simply identified as the elliptic flow of the (anti-)strange quarks in relativistic heavy-ion collisions.
IV. CONCLUSION
Based on the covariant quark coalescence model with a blast-wave-like analytical parametrization for the phasespace configuration of mid-rapidity (anti-)strange quarks at freeze-out, we have extracted information of strange quark freeze-out dynamics in centrality 10 − 20% Pb+Pb collisions at √ s N N =2.76 TeV by simultaneously fitting the transverse momentum spectra and elliptic flows of φ and Ω. We have found that our model can successfully describe the experimental data on both the transverse momentum spectra and elliptic flows of φ and Ω, demonstrating that the quark coalescence mechanism is still valid for φ and Ω production in heavy-ion collisions at LHC energies.
Our results indicate that the measured and calculated elliptic flows of φ and Ω approximately satisfy the famous NCQ scaling relation, but unlike the prediction of the naive momentum-space quark coalescence model, the NCQ-scaled elliptic flows of φ and Ω are significantly smaller than that of the coalescing (anti-)strange quarks, with the latter being about 1.4 times the former. This means that one cannot simply identify the experimentally measured NCQ-scaled elliptic flows of φ and Ω as the elliptic flow of (anti-)strange quarks in relativistic heavy-ion collisions.
The present work provides useful information on the strangeness freeze-out dynamics in relativistic heavy-ion collisions. The model and method in the present work can be further applied to heavy-ion collisions at energies of beam energy scan (BES) program at STAR/RHIC. Such studies are in progress and will be reported elsewhere.
